motions. But at higher Reynolds numbers (i.e., higher speeds or lower
viscosities), these laminar flows no longer persist. While they may exist
as solutions of the governing equations, they are not stable. In contrast,
they are replaced by time periodic or quasi-periodic perturbations of the
basic flow. Bifurcations of the solutions to the equations enter here.

Only in the last twenty years have mathematicians made significant
progress on the problem of this transition and the calculation of resulting
flows following an instability. At even higher Reynolds numbers, the flow
becomes highly irregular and is known as turbulence. Clearly, any under-
standing of turbulence has important consequences for aircraft design,
for understanding chemical reactions, combustion, and flame fronts, etc.
From a mathematical point of view, these equations have proved sur-
prisingly difficult. Even a general proof of the existence of solutions to
the Navier-Stokes equations has not been found. Understanding fully
developed turbulence exceeds our grasp at this time. In spite of this
fact, a tremendous amount is known about some special solutions and
models.

Various statistical models of turbulence were proposed by Taylor
and von Karman in the 1930s. Shortly afterward, Kolmogorov in-
troduced locally isotropic turbulence and derived the asymptotic form
E(k) ^ fc~5/3 for the dependence of the energy on wave number.

Understanding turbulent solutions to the equations, or understand-
ing the onset of turbulence as the Reynolds number increases, is still
at a preliminary stage. One approach has been to obtain a priori esti-
mates which limit the possible singular nature of a solution. Important
progress in this direction has been made over the last couple of years, in
bounding the Hausdorff dimension of the singular set. Some people con-
jecture that the Navier-Stokes equations are dominated by the viscosity
and therefore have no singularities at all, though the Euler equations
for zero-viscosity flow are generally expected to have singular solutions.
This is an area of ongoing study, whose mathematical resolution will be
of practical note.

Bifurcation Theory

Bifurcation theory began with studies by the mathematician Leon-
hard Euler in the middle of the 18th century and with Poincards's work at
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